ON LEAFWISE CONFORMAL DIFFEOMORPHISMS 
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Abstract. For every diffeomorphism ip : M —> N between 3-dimensional Riemannian 
manifolds M and N there are in general locally two 2-dimensional distributions D± such 
that ip is conformal on both of them. We state necessary and sufficient conditions for a 
distribution to be one of D± . These are algebraic conditions expressed in terms of the 
self-adjoint and positive definite operator (ip*)*Lp*. We investigate integrability condition 
of D + and £>_ . We also show that it is possible to choose coordinate systems in which 
leafwise conformal diffeomorphism is holomorphic on leaves. 



1. Introduction 

Let ip : M — > iV be a diffeomorphism between 3-dimensional Riemannian manifolds 
(M,g) and (N,h). Fix x G M and let (<^* x )* : T^mN — > T X M denotes the operator 
adjoint to (p* x : T X M — > T^^N. Then S x = (ip* x )* self-adjoint and positive 

definite operator. Let < \\(x) < \2(x) < Xs(x) be the eigenvalues of S x . 

Preimage E(x) = ip~ x (E> 2 ) of the unit sphere is an ellipsoid with principial semi-axes 
1/ y/Xi(x), i = 1, 2, 3. Therefore, if the eigenvalues Xi(x),i = 1, 2, 3, are distinct there are 
two 2-dimensional subspaces D + (x) and D-(x) of T X M intersecting E(x) along spheres. 
Thus locally we get two smooth distributions D + and D_. By the definition of D± we 
see that ip is conformal on each of them (see Lemma [2. II) . 

In this article we describe D + and _D_ and study the problem of integrability of these 
distributions. We show that integrability of one of the distributions D± does not imply 
integrability of the other one. 

Conformality of diffeomorphisms on distributions of codimension one was studied by 
S. Tanno in [8j and j9]. However, majority of results in [5] and [9] is obtained under 
the assumption that a given diffeomorphism ip maps vectors normal to a distribution D 
to vectors normal to the image ip*{D). Therefore ip cannot have distinct eigenvalues. 
Moreover, in [5] the author showed that under some assumptions on a diffeomorphisms 
ip and the dimension of M there are no distributions of 'small' codimension on which ip 
is conformal. In particular, assuming dimM > 3 there are no codimension one foliations 
such that a diffoemorphism ip : M — > N, for which S has distinct eigenvalues, is conformal 
on the leaves. 
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The paper is organized as follows. In section 2 we obtain preliminary results concerning 
some operators defined for 1 -forms. Next, we state necessary and sufficient conditions 
for a diffeomorphism between 3-dimensional Riemannian manifolds to be conformal on a 
given distribution, that is we obtain conditions for a distribution to be one of D± (Theorem 
13. II) . Examples are given. In the following sections we focus on the integrability condition 
of D + and _D_ (Theorem 14.21 Propositions 15.11 and 15.21) . The last part of this article 
is devoted to local description of leafwise conformal diffeomorphism. We show that it 
is possible to choose appropriate coordinate systems in which given leafwise conformal 
diffeomorphism is holomorphic on leaves (Theorem 16.11) . 



2. Notations and preliminary results 

Let (M, g), (N, h) be 3-dimensional oriented and connected Riemannian manifolds and 
let ip : (M, g) — > (N, h) be a diffeomorphism. We say that <p is leafwise conformal if there 
exists a 2-dimensional foliation JF on M such that <p : L — > (p(L) is conformal for every leaf 
L G T . In that case we also say that <p is J 7 - conformal. <p is locally leafwise conformal if 
every point x G M has a neighbourhood U such that <p : U — > <p{U) is leafwise conformal. 

Let Ai, A 2 , A 3 be the eigenvalues of the operator S = (tp*)*(p* : TM — > TM and £i, £ 2) £3 
be the corresponding unit eigenvectors. Assume Ai < A 2 < A3. Let 771,772, 773 be the basis 
dual to £1,^2, £3- Locally we may choose above bases to be smooth. Define 



(1) uj — ^-^2 — Ai^ _|_ VA 3 — A2^ 

VA3 — Ai a/A 3 — Ai 

Condsider the distributions D± = ker uj±. We have 

Lemma 2.1. A diffeomorphism if is (locally) conformal on a 2-dimensional distribution 
D if and only if D = D + or D = D_ (locally). Moreover the coefficient of conformality 
is A 2 . 

Proof. It is easy to check that if is conformal on D + and D_ with coefficient of conformality 
A2. Suppose there exists a distribution D such that ip is conformal on D. Fix x G M and 
consider the set E{x) = c?y9 _1 (x)(S 2 ), where S 2 C T V ^N is the unit sphere. Then E{x) 
is an ellipsoid with principial semi-axes 1/ a/ \(x), i = 1, 2, 3. The subspaces D + (x) and 
D_(x) intersect E(x) along circles and these are the only subspaces with this property, see 
[3] or [5]. Thus by conformality of ip on D we get that D(x) = D + (x) or D(x) = 
Since M is connected, D is smooth and D + (x) 7^ D-(x) for all x G M, we obtain D = D + 
or D = D_ (locally). □ 

Let x G M, p = 0, 1, 2, 3 and * : A P T*M -> A 3 ~ P T*M be the Hodge operator. Let 
i(cj)77 = A 77 for w, 77 G A P T*M. For 77 G T;M define (w 77)^ : T*M -> 7; .1/ by 

(u; 77)^0; = (tu, a)7/ + (77, a G T^M, 
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where (-, •) is the inner product in T*M induced from Riemannian metric g. Moreover 
for 9 G [0, 2tt) and u G T*M, \u\ = 1, put 

Rot x (9,w) = ld T * M + wn9(*i(w)) + (1 - cos6)(*l(uj)) 2 : T*M -> 7 ,:.U. 

Then Rot x (8,uj) is an operator of rotation around uj of an angle 9, for details see [lj. For 
simplicty we will write Rot x (uj) instead of Rot x (7r/2, uj). 

Lemma 2.2. Let < 9,9i,9 2 < 2tt, uj,tj G T*M and \u\ = 1. T/ie operator Rot x (9,u) 
has the following properties 

(1) Rot x (6 l i, cu) o Rota;(^2, = Rot x (6 l i + ^ 2 mod 2-7T, a;). 

(2) //(a;, 77) = then (oj,Rot x (9,oj)r]) = 0. 

(3) If (u},rf) = then (Rot x (u>)r],r)) = and 77 — Rot x (uj)r] = v / 2Rot x ( — |, cj)r/. 
Proof. Easy computations left to the reader. □ 

The operator : 7', .1/ — > T^M can be considered as an operator : T*M — > T*M 
by the rule {S x rj)X = r)(SX), X G T X M. Then S 1 is a self-adjoint and positive definite 
operator with eigenvalues Aj and corresponding eigenvectors rji, i = 1,2,3. Let [Ti,T 2 ] = 
T{T 2 - T 2 T 1 : T*M -> T^M be the comutator of operators T±,T 2 : T^M -> T*M. We 
define 

(2) B x (u) 

(3) A x (uj) 

We have a technical result 

Lemma 2.3. Let uj G T*M . Then there exist 77, cr G T*M stzc/i iaai u;, 77, cr are orthogonal 
and 

1 1 

(4) S x rj = —rj + {S x uj,t])uj, S x a = —pro- + (S x uj,ct)uj. 

\v\ M 

Proof. Let = J^i^Vi- If w = 77$ for some z = 1,2,3, then it sufficies to put 77 = 
(1/ y\j)T]j and cr = (1/ v^fe)%) where (z, j, fc) is a permutation of the set {1, 2, 3}. 

Suppose now uj 7^ 77, for all i = 1,2,3. Let C > be such that ^^/(Aj — C) = 
and put 77 = Xli( a «/(^« — C))r]i. Then (a;, 77) = and S X T] = Cr] + uj. It sufficies 
to multiply 77 by l/yC\r)\. Let cr = Rot x {uj)rj. By Lemma I2T21 q;. 77. cr are orthogonal. 
Moreover, (S x cr,r)) = and (S x a,a) > 0, thus multiplying cr by an appropriate factor we 
get S x a = |^pcr + (Suj, a)uj. □ 

3. Conform ality on distribution 

Let (M, g), (N, h) be 3-dimensional oriented and connected Riemannian manifolds and 
let if : (M, — ► (JV, ft,) be a diffeomorphism. Consider notations from the previous 
section. 



= [S x , *i{ U )] : TIM -> T;M, 
= [S^, Rota.(w)] :T*M -> T*M. 
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Theorem 3.1. Let D = keru be a 2- dimensional distribution on an open subset U C M, 
where u is a unit l-form on U . Assume the operator S has distinct eigenvalues \\ < \ 2 < 
A3 and the corresponding unit eigenvectors 771,772,772 ore smooth on U . Then the following 
conditions are equivalent 

(1) (f is conformal on D, 

(2) B(u) = fi(u 772) for some smooth and nowhere vanishing function on U, 

(3) A(uj) 3 = 0. 

Moreover, if (2) holds then is equal to 



(5) 



\/A2 - Ai a/A 3 - A 2 or fi = - a/A 2 - Ai a/A 3 - A 5 



Proof. (1) =^ (2) The l-form u is given by (CQ) with sign + or — in place of ±. Therefore 
with respect to the basis {771,772,773} the operator *l(uj) is represented by the matrix 



*l [uo) 





VA3 — A 2 





j_ A2 

VA3— Ai 



v / AF : AT 








Since S is represented by a diagonal matrix diag(Ai, A2, A3) easy computations lead to 
equality B(uj) = jj,{oj 772), where ji = ±y/\^ — A2VA2 — Ai. 

(2) =>■ (3) Since for any two 1 -forms a, (3 we have Tr(a 0/3)= 2(a, /3) then 

= Tr_B(cu) = /iTr(u; r] 2 ) = 2/i(tu, 772}. 

Thus u and 772 are orthonormal. Let a be a l-form such that {(^,772,0"} is an oriented 
orthonormal basis. Then with respect to this basis B(uj) and *t(a>) are represented by 
matrices 



B(u) 



1 

1 






1 







Since A(u) = B(u) + {*l{u))B{uj) + B(u)(*l(u)), we have 

A{u>) 




1 
1 



-1 





thus A(uf = 0. 

(3) =>- (1) Suppose ip is not conformal on D = kercu. Then (p is not conformal on D(x) 
at some point x G M. Consider a set L = ip^ 1 (§> 2 ) fl D(x), where S> 2 C T V ( X \N is the unit 
sphere. Then L is an ellipse but not a circle. Let 77 and a be as in Lemma 12.31 Then 
Rot(u;)?7 = a\o and Rot(u;)cr = 0277 where a\a 2 = —1. Put C = l/\i]\ 2 — l/\a\ 2 . Then by 

m 

A(u)rj = a\Ca + e\uj, A{uS) o = a 2 Cr\ + e 2 u>, 
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where 

e x = (Slo, air] — a), e 2 = (Slu, -a 2 rj - a). 

We have Sou = Const • ou + ujq, where (uj,u ) = 0. Put r = Rot(— tt/4, uj)ujq. Then by 
Lemma [2T2l (u,t) = 0. Hence, r = b v r] + b a o for some b^ba. Moreover, Rot(a>)r = 
b ri aicr — b a a 2 r\. Hence b a e\ + b v e 2 = 0. Therefore 

A(u)t = C(b v ai<j + b a a 2 rj). 

By Lemma [2.21 A(uj)uj = \[2t. Hence by assumption A(cu) 3 = we have 

= A(ujfuj = A(lu) 2 t = -C 2 r + C(b r] a x e 2 + b a a 2 e x )oj. 

Since S has distinct eigenvalues, then luq ^ and r ^ 0. Thus by linear indepedance of 
t and uj we have C — 0. Therefore |r/| = |er|. Since (Srj,rj) = (Sex, a) = 1 it follows that 
L is a circle. Contradiction. □ 

Example 3.2. Let U — {x — (x±,x 2 ,x 3 ) G M 3 : cos(a; 2 +^3) 7^ 0}. Define a map 
— > M 3 between Euclidean spaces in the following way 

tf(x) = (-COSX2 + smx 3 , smx 2 — COSX3, \/2xi + x 2 ), 

Then 

2 y/2 

= V2 2 v/2sin(x 2 + x 3 ) 

\/2sm(x 2 + x 3 ) 2 

and detiS'(x) = 4cos 2 (x 2 + x 3 ). Therefore ip is a diffeomorphism on {7. Moreover the 
eigenvalues of S are 



(£i,a; 2 ,a; 3 J 



2 + 2sin 2 (x 2 + x 3 ), 2, 2 + W2 + 2 sin 2 (x 2 + x 3 ) 



Thus S(x) has distinct eigenvalues for every x E U. Put 

v/2 



uu+ = dx 2 , U- 



v^sin(x 2 + x 3 ) 
axi i ; ===== ax 3 . 



V / 2 + 2sin 2 (x 2 + x 3 ) v/2 + 2sin 2 (x 2 + x 3 ) 

Then v4(u; + ) equals to 

-V2(sin(x 2 + x 3 ) - 1) 

-V2(sin(x 2 + x 3 ) + 1) -V2(sin(> 2 + x 3 ) - 1) 

\/2{sm{x 2 + x 3 ) + 1) 



and ^4(cc;_) to 



-2 



sin(x2+a:3) 
' v /2+2sin 2 (:r2+£3) 

y/2 

cos 2 (x2+a:3) 
- v /2+2sm 2 (x 2 +x 3 ) 



-v/2 




2 cos 2 (3:2+3:3) 
v /2+2sin 2 (3;2+3;3) 

A/2sin(x 2 + x 3 ) 



-V / 2sin(x 2 + x 3 ) -4 



sin(x2+jr3) 



y / 2+2sin 2 0E2^E3) 
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Therefore A(cu + ) 3 = A(cu_) 3 
D_ = ker oj_. 



0. Thus if is conformal on distributions D + = keru; + and 



4. Integrability condition in terms of an orthonormal moving frame 

Let (M,g) be a 3-dimensional oriented Riemannian manifold. Let ei,e2,e3 be a local 
orthonormal basis on the open subset U of M and uii,u 2 ,u 3 the dual basis of 1 -forms. 
Let (N, h) be another 3-dimensional oriented Riemannian manifold and <p : M — > N be a 
diffeomorphism. Let D = ker ui be a two dimensional distribution on U, where a; is a unit 
1-form on M. Suppose S = (<^*)*</?* has distinct eigenvalues. Let \i be a smooth nowhere 
vanishing function on U. Let A be the middle eigenvalue of S and r] 2 the unit eivenvector 
corresponding to A. Let 



a; 



CLijUJj. 



Then the operators w f| 2 and *i(a>), defined in the first section, are represented by 
matrices 







2a t Pi 


Oil/32 + Oi 2 fil 


oii(3 3 + a 3 (3i 


(6) 


UJ T] 2 = 


ai(3 2 + a 2 (3\ 


2a 2 (3 2 


a 2 (3 3 + a 3 (3 2 






_ ai(3 3 + a 3 fii 


a 2 p 3 + ci 3 (3 2 


2a 3 p 3 






-a 3 


a 2 






(7) 


*i(u) = 


a 3 


—ai 










— «2 Oil 










Put 

Ui = {x 6 U : (0-23(3:) - fi(x)f3i(x)) 2 + (ai 3 (x) + fi(x)f3 2 (x)) 2 > 0}, 

(8) U 2 = {x 6 U : (a 23 (x) + fi(x)/3i(x)) 2 + (a 12 (x) - /i(x)/3 3 (x)) 2 > 0}, 

U 3 = {x eU : (ai 2 (x) + yL(x)fa(x)) 2 + (a X3 (x) - ^{x)(3 2 {x)f > 0}. 

Then Ui U C/ 2 U U 3 = U. 

For two 1— forms a and r we write a = r if there is nowhere vanishing smooth function 
/ such that a = fr. We have 

Lemma 4.1. // a diffeomorphism (p is conformal on a distribution D, then 
w = (a 13 + A^Vi + (^23 - f*Pi)w 2 + (a 33 - X)u 3 on U 1 , 
uj = (ou - /u/3 3 )^i + (022 - A)u; 2 + (a 23 + A*A)^3 on U 2 , 
uj = (an - X)uji + (ai 2 + ^3)^2 + (a 13 - ^$2)^3 on t/3. 

Proof. Proof is elementary but requires a lot of calculations. Details are left to the reader. 
By Theorem 13.11 ip is conformal on D if and only if 



(9) 



B(uj) = fj,(u T] 2 ). 
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Moreover, 

(10) s m = x m . 

Thus, using flBj) and (j7j), we get 



(a 23 - /i/3i)ai = (ai 3 + Iif3 2 )a 2 , 
(^23 + M/5i)ai = (012 - ^3)013, 
(012 + A//3 3 )a 3 = (ai 3 - n/3 2 )a 2 . 



Hence 



(11) «i = C(ai 3 + /i/? 2 ), «2 = C(a23 - A*/?i) on(/i, 

(12) a x = C(ai2 - ^ 3 ), a 3 = C"(a 23 + /A#i) on C/ 2 , 

(13) a 2 = C"(ai2 + £t/3 3 ), "3 = C"(ai 3 - /i/3 2 ) on C/ 3 , 

for some C, C" and C". By ([9]) one can see that C, C and C" are nowhere vanishing. 
Consider condition (iTTj) . Since (a;, 772) = 0, 

Cai 3/ 9i + Ca 23 /5 2 + a 3 /3 3 = 

Moreover, by (JTU1) 

Ca 13 /?! + Ca 23 /5 2 + C(a 33 - A)/? 3 = 0. 

Hence 

/3 3 = or a 3 = C(a 33 - A). 

Assuming /3 3 = and a 3 7^ C(a 33 — A) and using (j5J) and ffTUl) . after some calculations we 
get a contradiction. Finally 

a x = C(a 13 + /i/5 2 ), a 2 = C(a 23 - /i/3i), a 3 = C(a 33 - A) on U x . 

Analogously we consider conditions f|T2|) and f|T3|) . □ 

Let 

Jz> A? 



Let [ej,e fc ] = X!iQfc e i- Then 



(14) 



(15) 



(16) 
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Therefore by Lemma l4TT1 integrability condition du/\oj = is on Ui, U 2 and U 3 respectively 
= ( - o? 3 + a 23 - faux - ~ nfiu ~ 

- (aia + n(3i)C\ 2 - (a 23 - nfii)Cl 2 - (a 33 - X)Cf 2 ^j (a 33 - A) 
- a 3 13 + a\ 3 - f3 2 n 3 - nf3 23 - 71 

- (013 + fifidCw - (a 23 - A^i)Ci 3 - (a 33 - A)Cf 3 J (a 23 - /i/3i) 

+ ^ - Ct23 + a 33 + #103 + A*/?13 - 72 

- (a i3 + fJ,(3 2 )C 23 - (a 23 - fipi)C 23 - (a 33 - A)Cf 3 ^ (a 13 + fxp 2 ), 
= f - a? 2 + a\ 2 + /? 3 /i 2 + /i/? 32 - 71 

- (012 - vPz)C{ 2 - (a 22 - A)C? a - (a 23 + /i/9i)Cf 2 J (a 23 + «/3i) 

- ( - + a 23 + A5j"3 + A/il + yU/533 + nPn 

- (a 12 - n(3z)C{ 3 - ( a 22 - A)Ci 3 - (a 23 + /i/^CfgJ (a 22 - A) 

+ ( - a 22 + a 23 + #lA*2 + A^12 + 73 



- (012 - /i/? 3 )C 23 - ( a 22 - A)C 23 - (a 23 + vf3i)C 23 J (012 - A*/3i), 
= f - a u + + /3 3 /ii + ^31 + 72 

- (an - A)C£, - (a i2 + n/3 3 )Cl 2 - (a 13 - ///3 2 )Cf 2 ^ (a 13 - fify) 

- ^ - a?i + a} 3 - &A*i - A*An + 73 

- (an - A)Ci 3 - (012 + ^3)^3 - (a i3 - /i/3 2 )Cf 3 ^ (a i2 + /i/3 3 ) 

+ ^ - af 2 + a 13 _ $^2 - $5^3 ~ ^22 ~ /i/?33 

- (an - \)C{ 2 - (a 23 + /i/3 3 )C 23 - (a i3 - /^ 2 )Cf 3 J (an - A). 
Thus above considerations and Theorem 13.11 imply 
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Theorem 4.2. Let <p : M — > N be a diffeomorphism between 3 -dimensional oriented 
Riemannian manifolds. Suppose S = ((p*)*(p* has distinct eigenvalues X\ < X 2 < A3. Let 
£2 be the unit eigenvector corresponding to X 2 and let i] 2 be a l-form dual to £ 2 . If ¥ 
is leafwise conformal on an open subset U of M then conditions (114j) - (116 1 ) hold, where 
U±, U2, U% are defined by (jHJ) and fi is given by (jSJ) with the sign + or — instead o/±. 

5. Some necessary and sufficient conditions of integrability 

Let ip : M — > iV be a diffeomorphism between Riemannian manifolds. Let Ai,A2,A3 
be the eigenvalues of the operator S = (</?*)*</?* : TM — > TM and ^1,^2,^3 be the cor- 
responding unit eigenvectors. Assume Ai < A2 < A3. Let 771,772,773 be the basis dual to 
61, £2, £3- Assume & and 77^ are globally smooth. Consider 1-forms u;± given by (OQ) and 
put D± = hsru±. Then by Lemma \2. II eg is conformal on the distributions D±. We study 
the integrability condition u± A du± = 0. After simple calculations we get 

(17) 771 A drji + x 2 r/ 3 A ^773 = ±d(x77i A 773), 
where 

V^2 — Ai 

Therefore we have 

Proposition 5.1. If D± are both integrable, then 771 A drji + x 2 V3 A dr)3 = and 2-form 
XVi A 773 zs closed. 

Write 771 and 773 in terms of 

1 — Ai 1 A-^i/ s 

z V ^2 — M z V^3 ~~ <^2 

Then 

(18) X»]iAJ]3 = -^l + X 2 KAw_, 

Proposition 5.2. ^ssnme M zs orientable and closed. Suppose rji, x> D± are smooth 
and globally defined on M. If both D± are integrable then 



I 6 (log*) vol = 0, 

J M 



where vol is the volume element on M . 

Proof. By Proposition 15. 1\ d(xVi A 773) = 0. Hence 

-(6x)^i A 772 A 773 = dfa A 773) 
X 



□ 
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Example 5.3. Consider a diffeomorphism (p : IR 3 —> R 3 such that S is diagonal in the 
canonical basis ei,e 2 ,e 3 , S = diag(Ai, A 2 , A 3 ). Assume Ai < A 2 < A 3 . Then rji = dx iy 
i = 1, 2, 3. Therefore, the integrability condition reduces to 

^ = 0, 

8x 2 

which we can write in the form 
Since A, = ^2j(8<pj/dxi) 2 we obtain 



bj d 2 4>j d(fij d 2 4>j . 
dx2 dxi 8x38x38x2 8x2 8x\ ' 



c% d% _ d(j>j 8 2 0j sp^dfa 2 _ d(j>j 2 
^ 8x2 8x1 8x 3 8x18x2 ~ 8x 3 8x\ 

k 3 

Example 5.4. Consider a local diffeomorphism from Example 13.21 Then x — 1 an d by 
( |T8l) we have 

OTl A „ = ^ fal A dx2 _ ^Sinfa + xs) ^ A ^ 

v/2 + 2sin 2 (x 2 + x 3 ) V 2 + 2 sin 0&2 + a*) 

Thus the above form is not closed. By Proposition 15.11 one of the distributions D± is not 
integrable. Since D + is obviously integrable, we get that £)_ is not integrable. 

6. Local leafwise holomorphicity 

A coordinate system tjj on an n-dimensional Riemannian manifold (M, g) is called 
foliated conformal chart if the map z 1— > ip~ 1 (z, q), z G M 2 , g G M n_2 , is conformal for all 

The aim of this section is to prove the following result. 

Theorem 6.1. A map ip : M — > N between Riemannian manifolds is locally leafwise con- 
formal if for every x G M there are foliated conformal charts tp and ip in neighbourhoods 
of x and <p(x) respectively, such that 

4>o(po ip~ x (z, q) = (h(z, q),q), 

where for every q G R n ~ 2 the map M 2 3 z ^ h(z, q) G M 2 is holomorphic. 

Let us first review some facts about the Beltrami equation and isothermal coordinates. 
Assume all considered functions are smooth. By the Beltrami equation we mean the 
equation 

8w 8w 
8z ^ dz J 
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where w : C — > C If < k < 1 for some fc, then the Beltrami equation has a unique 
smooth solution w 11 which leaves 0, 1 and oo fixed. Moreover w^ 1 has positive Jacobian, 
see [2]. We have also smooth dependence of solutions of the Beltrami equation [I]. 

Theorem 6.2 (Riemann's mapping theorem for variable metric). For each positive k < 1 
the map p t—> is a homeomorphism of the set {p G C°°(C,C) : sup \p\ < k} onto its 
image in C°°(C, C). In particular, the map 

w : C x T 3 (z,t) ^ (w^(z),t) ECxT 

is a diffeomorphism, where T is open subset ofM q , pt(z) = p(z,t). 



In Theorem 16.21 C°°(C, C) is a Frechet space of all smooth functions / : C — > C with 
C°° topology. 

Consider M? = C with a Riemannian metric g = Edx 2 + 2Fdxdy + Gdy 2 , where E > 0, 
.EG — F 2 > 0. A coordinate system w = (u,v) is called isothermal if there is a positive 
function A such that 

g = \{du 2 + dv 2 ). 

Put 

£ - G + 2iF 

(19) /x 



£ + G + 2^/EG - F 2 

Take a closed ball K C C. Since < 1, sup^ < k < 1 for some /c . Extend 
p smoothly to the whole plane in such a way that sup \p\ < k < 1 for some fc. Then 
u> = u> M |int.?r is an isotermal coordinate system for g, see [TJ. For a foliation by planes 
L( = Cx {t},t G T, with a Riemannian metric g, on each leaf L t we have g|L t xL t — 
E t dx 2 + 2F t dxdy + G t dy 2 . Therefore, in the same way as before, by Theorem 16.21 for p t 
defined by ( fT9l) . there is a coordinate system w t (z) = w(z,t) such that w t : L t — > L t is 
isothermal for every t. We say that w is a foliated isothermal coordinate system. 

Proof of Theorem \6.1\ Let <p : M — > N be an jF-conformal diffeomorphism, (M, #m) and 
(A, c/tv) Riemannian manifolds, a 2-dimensional foliation on M. Fix x G M and put 
y = (f(x). Let x be a foliated map in a neighbourhood of x and let p = x ° f' 1 - Then 
p o if o x" 1 is the identity map on the foliation 

= X(^) = x {t}} 4eT , 

where £7 is an open subset of C and T open subset of ]R codim: ' r . Obviously, id = p o ip o x~ l 
is a jF -conformal map with respect to Riemannian metrics (x ^YdM and {p~ l )*gN- Let 
wm and be foliated isothermal coordinate systems on U, shrinking U if necessary, for 
(x r )*9M and (p -1 )*^ respectively. Then 

h = wn o p o ip o o -u;^ 1 = ti;^ o w^l 
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is a jF -conformal diffeomorphism with respect to Riemannain metrics (x 1 ° %)*Sm 
and (p _1 o w^YgN, which on leaves of JF are conformal with Euclidean metric. Thus 
h is jF -conformal with respect to Euclidean metric. Therefore, maps h : L t — > L t , 
L t = U x {t}, t G T, are all holomorphic or all antiholomorphic. If h : L t —> L t , t E T, 
are antiholomorphic, we replace h by 

h — t o h, 

where r(,z, t) = (z, t). Then ip = wm ° X an d ip = ° p are desired. □ 
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